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"$#&%('*)+#-,/.10+#-,�243�5�67"$'8#&'95�#8:�6
; <>=-?A@CBED�?�F&GIH	?KJL=&M9NPO QR=-S�@CT(=&UVH4WX=&U�YRZ

A
=&H[Q�\^]-_ 24`X6a3
H[Jb=&c�H

A d e
b
?KJb?gfh@CU�QEcVDi=

Ax = b
QjJbU�S�Z4? d k

I l ?mH[?A@CB>D A d n
d =&?oNp=I@h@CU�YRHqfh@CU�QRc�H	BrUgDi= Ax = 0

QR=-G9st@CZu@CH[H	QjJbU�S�Z4? d v
d QE@C=-U�YRG9Zu?oNwQE@CWX=-U�YRZ�?KD�H4?oc�JbZ�N�=-H A d x

y .1z${�'t.
T|=&WXGjO

Ax = b
QRJbU�S�Z4H}fCQEGI=-H[T d H$Jb=&c�H A l D�<r=&~1=&G9Z�; (2) ⇐ (1) •;

x = A−1b

A(A−1b) = (AA−1)b = Ib = b

x = A−1b
f�Jb?A@

S�@h�X= d fh@CU�QRc�Di= Ax = b
QjJbU�S�Z4?�O

b
?KJ�UX@CT|S�D�S�@h�X=r;

(3) ⇐ (2) •
M = I

=&J�~1=�J|@CG dM QR=-G8@CGIB�H4WX=&U�YRZ4?mH[?A@CB>D
A
=&J

QjJbU�S�ZuT�O f�Jb? d <r=&�ic�N�QEU�@�D M l ?�Di=�=-MIN dM 6= I
~+=-G9G

–U�@CT(S�?�fCQR=-G�f�Jb?A@
A l ?�H[?A@CB>D M d fh@CU�QEcwfC=&N Mx = en<>N d Q>@C=&U�YRG9Z4?oN�QE@C?�@CS�c�?KD�=&cX@C��U�c��iZ�=-�b=4?oS A l ? M l Z

l ? d (A|b)
?oT|BrG

(M |en)
?oS�@C?o?oH7QE@C?A@CS�c�H
QEN�?o=&S�c�G

@CM9@�fh@CU�QRcwfC=-N
Ax = b l ?�<rs�f�Jb?A@�fh@CU�QEcwfC=&N Mx = end H[U�=&QR�

QR=&G9st@CZ�@CH[H�QRJbU�S�Z4H�QRN}UX@CQRc�G d I l ?aH[?�@CBED A l Dw~1=&G�; (4) ⇐ (3) •?KD�QRT|~1UX@CZ�H[WX=&U�YRZ�@CG9?oT(=&B d (I |0) l ?�H[?A@CB>D�@CMuH[WX=-U�YRZ d (A|0)<>s�f�Jb?A@�O =&?oNp=-@h@CU�YRH�fh@CU�QRc�H�BrU	Di=�@CM�QRJbU�S�Z4?�f�Jb?A@
Ix = 0

dAx = 0 l ?
l U�YRH�fh@CU�QRc�H�BrU}<>=-=&B Ax = 0

QjJbU�S�Z4?�=�J�~1=&G9G�;
(3) ⇐ (4) •

l U�QRc�HwO =-M9N dA l ?gH[?A@CB>DiH�QR=&G8@CG9B>H�H[WX=-U�YRZuH M
H[=-H[Q d =&?oNp=I@h@

M 6= I
<rN dMx = 0

?KD�QE@CG8@CU�QRc�H�<>H
Ax = 0

?KD�QE@CG8@
U�T(=&N!UX@C~+T(?/fCQR=-Grf�Jb?A@pQE~+N�<r=&�ic�N!QRUX@�D�QE@C~1c�?/Di=

M l ?g=&M9N
d H[U�=-QR��@CM8@pO �X~1NPfh@CU�QRc�Z�U�QE@C=pDi=jH[Nj@h@�D�Zu?A@p=�DicX@C~

A l ? I l Z�U�@CT(S�?�fCQR=-GqM9N
I l ?7H[?�@CBED A

<rN
(5) ⇐ (3) •QE@C=&U�YRG9Z4?oN�Q>@C?A@CS�c�D�=	O U�Z�@C?KJ d QE@C=-U�YRGIZu?oN�QE@C?A@CS�c�=I�X=V?oS

d ek(. . . e2(e1(I))) = A l D��oJ e1, e2, . . . , ek

e1(I) = E1

e2(e1(I)) = E2E1���
dEi = ei(I)

U�D�N�J
EkEk−1 . . . E2E1 = A

?oT(B>GEf�Jb?�@
QE@CWX=&U�YRZ	?KD�?oc�J d H$Jb=&c�H�N�=-H�QR=-U�YRGIZu?oN�H[WX=-U�YRZ�?KJ (1) ⇐ 5 •

d H$Jb=-c�H�H4WX=&U�YRZ�fCQE@CGEQE@�Jb=-c�H

"['8{�#&`b.�"4,�,�'8��"$#&�|�|0}�|z	"$'8{�#-`X.���"$#-%|'*)+#-,�.10(#I,�243�,�'*)+%
H$Jb=&c�H�N�=-H	MINw?oNpZ[DiZw@CNPfCZu=&Z	H$Jb=-c�H

A
<rN�\^]�  24`X6a3

y .1z${�'t.

dBA = I l D¡�oJ B
<r=&=-B l U�Zu@C?oJ�O ?oNpZ[DiZ�H$Jb=&c�H A l D�~1=&G9G d e

d =&?oNp=I@h@CU�YRHqfh@CU�QRc�H	BrUgDi= Ax = 0
QjJbU�S�Z4?KD�H[NpU�G

=&M9NPO
Ax = 0

?oD�fh@CU�QRc�H	Np@CH
x′ ~1=&G9G

Ax′ = 0

B(Ax′) = B0 = 0

Ix′ = 0

x′ = 0

d H$Jb=&c�H A
f�Jb?A@+=-?oNp=-@h@CU�YRH}fh@CU�QRc�H�B>U�D�=

Ax = 0
QjJbU�S�Z4?�f�Jb?A@

=&M9N dAC = I l D��AJ C
D�= l U�Zu@C?KJ�O fC=&Zu=&Z�H$Jb=&c�H A l D�~1=&G9G d kO f�J�?oS�@ d H$Jb=&c�H At O�¢ eK£>¤ =-S���=&c�?	O f�Jb?�@aO (AC)

t
= CtAt = I

A
O H[Jb=&c�HwNp=&H!H$Jb=-c�HPH[WX=&U�YRZ!?KD¥QRc�?o~$@CZuH�H[WX=&U�YRZ4Hu@RQE@C=-H

d H$Jb=-c�H�Np=-H

"$'8{�#&`b.}5�6¥.(5�`�{�3�¦1#I.�.+{�#-`b.�.10+#-,�243
d H$Jb=-c�H Ai

?KJ
⇐⇒

H[Jb=&c�H	N�=-H
A = A1A2 . . . An

\^]�§ 24`X6a3

d H$Jb=-c�H A
=&J�~1=&G9G>; �b~+N�fh@h@C=�JbT y .1z${�'t.

A = A1A2 . . . Ak

A−1 (A1A2 . . . Ak)† = I
(
A−1A1A2 . . . Ak−1

)
Ak = I

d H$Jb=-c�H�f�Jb?A@u?oNpZ[DiZqH[Jb=&c�H Ak

Ak l TL?oNpZ[DiZ�@ A−1
k l T�fC=&Zu=&Z †

QENP?A@Cc�JbG
AkA−1A1 . . . Ak−1AkA−1

k = AkIA−1
k = AkAk−1I

(
AkA−1A1 . . . Ak−2

)
Ak−1 = I

d H4=&WXB�@h�XG9=&NpT��A=&D�ZuG8@4H$Jb=-c�H	f�Jb?�@4?oNpZ4D�ZwH$Jb=&c�H Ak−1
f�Jb?A@

; =&GID�fh@h@C=&JbT
=&M9N d QE@�Jb=-c�H A1, A2 l @ A = A1A2

~1=-GIG
A = A1A2

AA−1
2 = A1A2A

−1
2

AA−1
2 = A1I = A1

AA−1
2 A−1

1 = A1A
−1
1 = I

A(A−1
2 A−1

1 ) = I

e



d H[=&WXB�@h�XG9=&NpT l fCN�JbZu@ d H$Jb=&c�H�f�Jb?A@�fC=&Z4=-Z	H$Jb=&c�H A

"$'*6�,�'8`�"$'*0+'*)4:

V
QRN�QjDiUX@Cc

{w1, . . . , wm} l @�?�F&QRT {v1, . . . , vn}
<rN�\^]�¨ 24`X6a3
d m ≥ n

=&M9N

d �ic�NpZ�<>=-G8@�D vi
?KJXD�~+=-G9H[?gfCQR=&G y .1z${�'t.

d{w1, v1, v2, . . . vn}
H[Wb@CT|BrT�YR=&T(G

QR=&U�NpG9=&?
H[=&WXG9=&T(Zu@CB©Nj@CH
w1

f�Jb?A@�O QRD�UX@CcªH[Wb@CT|B
{v1, . . . , vn}d QE=&U�NpGI=-?mH[=-@C?oQ�H[Wb@CT(B�Np=&H {w1, v1, v2, . . . vn}
f�Jb?A@�O <rH[?KD

H[=&WXG9=&T(Zu@CB«Nj@CH$D¬UX@�YRBr@VH[T¥Di=	O QE=&U�NpGI=-?�H[=I@C?oQ«H[Wb@CT|BrH4@gQE@C=-H
H[Wb@CT|BrZwNj@CH

w1
=�J

w1 = 0
=�J�f�JbQE=RNp? £ @C?/<r=&Zu�|@CB>H�?KD�QE=&U�NpGI=-?

l �b@CBrHP?KD7QR=&U�NpG9=&?/H4=&WXG9T|Z�@CB�Nj@CH vj l @RQE@C=-H d vj
@CH[MID¥~1=&G9G d ¢�?�F�QETO U�Z�@C?KJ d QjDiUX@Cc�U�NuDiQ�H[Wb@CT(B>H

vj
QRN��X=&UX@CG�<>N­<>s�O @C?�<>=-Z

d QRD�UX@CcLH[Wb@CT(B�N�=-H!¢ vj l H�U�T|NpH	Np?o? £ {w1, v1, . . . , vj
︸︷︷︸

, . . . vn}

l U�N�G9=-?aH[=I@C?oQ�@CM1H[Wb@CT(B d {w2, w1, v1, . . . , vj
︸︷︷︸

, . . . vn}
H[Wb@CT(B>T�YR=&T(G

U�@�YRB�@�Di=rO QRZ��b@CB>HwH[G9SAYRH[Z d <��b@CBrH ¤ =&S��iT�@CZ[J}?A@CBr=�D�@CQE@CNpZ�O QR=
d @C=&Zu�|@CB�?KD�QE=&U�NpGI=-?mH[=&WXG9=&T(Zu@CB�Nj@CH$D�H[Wb@CT|BrT

@CH[MaO f�Jb? dw2 l T}=I@C?oQ�@CG9=&N w1
O fh@CQRG9Hq=&c�?KD�<�@�DiZ!O

w1
@CG9=&N!H[MrU�@�YRB�@

Np@CH
vi l @ {w2, w1, v1, . . . , vj

︸︷︷︸
, . . . vi

︸︷︷︸
. . . vn}

O U�Zu@C?KJ d @CH[D�?oJ vi

{w2, w1, v1, . . . , vj
︸︷︷︸

, . . . vi
︸︷︷︸

. . . vn}
=&M9N d <>=-U�~1NpH!?KD7H[=-WXG9=&T|Z�@CB

d QjDiUX@CcLN�=-H�<rs
H[Wb@CT|B�?oT(B>G¡O <>=I�XS�W

n
=&U�~1N dn < m

=&J¬H[?o=-?KDiT®~1=&G9G
=&U�NpGI=-? ¤ @CU�=-WqNj@CH wn+1

O U�Zu@C?KJ l QjDiUX@CcqNp=&H$D {w1, w2, . . . , 2n}dm ≤ n
f�Jb?�@X?�F&QRT

{w1, . . . , wm} l Dw�AJb?aH[U�=-QR�w@CM8@(O @C?�<>=-Zu�b@CBrHV?KD

�b3+#&3$.�"$'8�b#Iz$#

l =&N�U�c��iZ�@CQE@CN�Di=>�i=-�iT�?oJb?LO =&cX@C���i=-�iT�?AS�T�T|~1U�Z4T�\^]�¯ 24`X6a3
d <r=&U�T

d <r=&�i=-�iT {v1, . . . vm}
<rst@

{w1, . . . , wm}
<rs8D�~1=&G9G y .1z${�'t.

f�Jb?A@��i=&�iT
{w1, . . . , wm} l @�QjDiUX@Cc�f�Jb?A@��i=-�iT {v1, . . . , vn}

=-MIN
dm ≤ n

f�Jb?A@4?�F�QRT
f�Jb?A@��i=&�iT

{v1, . . . , vn} l @�QjDiUX@Cc�f�Jb?A@��i=&�iT {w1, . . . , wm}
O f�J�@CZ[J

dn ≤ m
f�Jb?A@4?�F�QRT

dm = n
f�Jb?A@

"$'8�b'83+%+.�)1z[,�3}�b3+#&3(5�.+'8'*6�"$'*,�'*6�.�)1z[,�3}�b3+#&3
H4@h@�D

A
?KD�QE@CUX@�DiH!T|~1U�Zw�XZ4=-Zq=&M9N dA ∈ F m×n Np=&H[Q�\^]�° 24`X6a3

dA ?oD�QE@h�b@CZuS�HwT|~1U�Z	�bZ4=&Zu?

d ¢�QE@CUX@�D�HwT|~1U�Z	�bZ4=&Z	Nj@CH r
O U�Zu@C?KJ £ A QRstU���QRN r l T}fCZ4�iG y .1z${�'t.

d (r 6=)
QE@CUX@�D

r
H[TLDi= dA l ?gH4?A@CBED�D�QR=&G8@CG9B>H	H[WX=-U�YRZ4H M

Np=&H[Q

U�DiN�J
j1 < j2 < . . . < jr

Q>@CZu@CBrZ4Tq<r=&NpWXZ4G�<>=-?o=&T+@CZ4H�<r=-�X~1NpH
; fCH

M
?KD

j1, . . . , jr
QE@h�b@CZuS�H














1
0���������
0














,














0
1���������
0














, . . . ,













0
0���
1

0
���

0













QE@C=-@C?oQ�=-QR?oTP@C?AN�QE@h�b@CZuS d r l H�<r@CBrZ4TPNj@CH�fh@CU�~1NpH��X~1NpH�U�DiN�J
d Mej

N�=-H
M
H[WX=-U�YRZ4T�QR= l n l H�H4�b@CZuS�H j

?KJb?KD�UX@�JbMIG d QR=-U�N�G9=-?
dF n ?oD�=�YRUX�XGIYR�iH��i=&�iT(H e1, . . . , en

U�DiN�J
d ?�F&QRT {Mej1, . . . , Mejr}

H[Wb@CT|BrH�O U�Z�@C?KJ
H[WX=&U�YRZ�QRZ4=-=&B>D�H[Di@CU�=-c

M l ?�Q>@CU�@�D�QR?A@CB>D A l D�H4�XT(@CS�H$D�UX@�JbM9G
dA = EM

H[UX@CT|S�¢�QE@C=&U�YRG9Z4?oN!QE@CWX=-U�YRZ�?oD�H[?Ac�JbZwN�=-H £ E H$Jb=-c�H
{Aej1, . . . , Aejr}

=�J�S�T(@CG
{Mej1, . . . , Mejr} l D±H4�XT+@CS�H[Z²O f�Jb?

d ?�F�QET
dA ≤ r

?KD�QE@h�b@CZ4S�H�T|~1U�Zq�XZu=&ZqO f�Jb?
H4@h@�D�Q>@h�b@CZ4S�H�T|~1U�Z��XZ4=-Z	f�Jb?�@

At ?oSV?o=-S�c�H[?gfCQR=-GRfh@CS�=&Y!@CQE@CN!QRN
d r l ?

³b'8{�´|.�)1z[,�3}�b3+#&3
O
W1, W2 ⊂ V

UX@CT(S�\^]�µ 24`X6a3
dim(W1 + W2) = dim W1 + dim W2 − dim (W1 ∩ W2)

~1=&G9G y .1z${�'t.
dim W1 = n

dim W2 = m

dim (W1 ∩ W2) = k

d{v1, . . . vk}
;
W! ∩ W2 l ?m�i=-�iT�U�~1T|G

{v1, . . . , vk}
QEN�<r=&?KDiH[?¶fCQR=-G

W1
?KD�T|~1U�Z�QRQ

W1∩W2 l D�fh@h@C=&JbZd {v1, . . . , vk, w1, . . . , wn−k}
;
W1

?KD��i=-�iT|?
;

W2
?KD·�i=-�iT|?

{v1, . . . , vk}
QRN¸<r=&?KDiH[?
fCQR=&G�O H[Z�@h��fCcX@CNpT

d{v1, . . . , vk, u1, . . . , um−k}U�c��iZ dB = {v1, . . . , w1, . . . , wn−k, u1, . . . , um−k}
H[Wb@CT(B>TgfCG8@CT|QRG

dW1 + W2 l ?m�i=&�iT B
=�J�~+=&J|@CG dm + n − k

Np@CH	H[TL<r=&U�T|=-NpH

W1 + W2
QENwQjDiUX@Cc

B d e
d v′ ∈ W1, v

′′ ∈ W2
=&H4=

v′ + v′′ = (α1v1 + . . . + αkvk + αk+1w1 + . . . αnwn−k)

+ (β1v1 + . . . + βkvk + βk+1u1 + . . . βmwm−k)

v′ + v′′ ∈ ¹»º|¼o½ B

<�@�Jb�iH	T|~1U�Z	QRNwQjDiUX@Cc
B
f�Jb?A@

¾



d QR=-U�NpG9=&?mH[=I@C?oQ�=&QR?AT B d k
l D�~1=&G9G

0 = α1v1 + . . . αkvk + β1w1 + . . . + βn−kwn−k

+ γ1u + . . . + γm−kun−k

l D�?AT|BrG9@u<r=&c�s*N�U�=&T(S�G
W1 3 (β1w1 + . . . + βn−k + α1v1 + . . . + αkvk)

= − (γ1u1 + . . . γm−kum−k) ∈ W2

@CQE@CN�<�@�DiU�?�fCQR=&G8@
W1 ∩ W2 3 w1u1 + . . . + vm−kum−k

f�Jb?
�AJ

γ1u1 + vm−kum−k = d1v1 + . . . + dvk

∀i :
��U�JbH[T�=&M9Nª?�F�QET

{u1, . . . , um−k, v1, . . . vk} l D�fh@h@C=�JbZ
d γi = 0U�=&N�DiZ�H[M

γi = 0
<rN

α1v1 + . . . αjvj = +β!w1 + . . . + βn−kwn−k = 0

?KJ¿M9Nj@	?�F�QET«f�Jb?A@	�i=-�iT
{v1, . . . , vk, w1, . . . , wn−k}

?oT|N
d ?�F�QRT B

f�Jb?�@
α, β = 0

.+#I0+3+,�'8`�´XÀ*,�2�.	"$'8�b#Iz$#
l T�H[Wb@CT|B {w1, . . . , wn} l @ V l ?L�i=-�iT {v1, . . . , vn}

<rN�\^]�Á 24`X6a3
wi l ? vi

H[U�=-T|S�Z[D
T : V → W

H4�X=-~1=¶H[=&WXZuU�@Cc��iG9U�Y¥Di=¶M9N
W

d
v =

T+@CQjJbG8@
v ∈ V

fCQR=-G�; NpT|H�cX@CNpT
T : V → W

U�=-�bs*G y .1z${�'t.
d c1v1 + . . . cnvn

u, v ∈ V
QRU�MIS�T�O QE@C=-U�N�G9=-?�Br@h�bT|G dT : v = c1w1 + . . .+ cnwn

U�=-�Xs*G

v =

n∑

i=1

civi , u =

n∑

i=1

aivi

v + u =
n∑

i=1

(aivi + civi)

T (αu + c) =

n∑

i=1

((dai + ci)wi) =

=

n∑

i=1

(daiwi + ciwi) =

= dT (u) + T (v)

�oJwQE=&U�NpGI=-?}H[=-WXZ4UX@Cc��iGIU�Y
S : V → W

<>s*D�~1=-GIG�; QE@h�X=&~1=�~1=�J|@CG
=&M9N

v =
∑n

i=1 aivi
<rN dS(vi) = Wi l D

S(v) = S

(
n∑

i=1

aivi

)

=
n∑

i=1

aiS(vi)

=

n∑

i=1

aiwi = T (v)

.+#-0+3+,�`�'8´XÀ*,�2�5�6�³b#&�b3+#&3
dim V = d QR=-U�NpG9=&?
H[=-WXZ4U�cX@C�iGIU�Y T : V → U

\K]ÃÂ 2u`�6�3
dim kerT + dim Ä8Å T

l ?��i=-�iT {v1, . . . vk}
=&H[= dn �XZ4=-Z4Z�=&UX@�YRB�@�T|~1U�Z V

=-H[= y .1z${�'t.
d �i=&�iT�Np@CH!=�J	O v l T�?�F&QRT {v1, . . . vk}

=&M9N d (dim kerT = k) dkerT

d {v1, . . . , vk, vk+1, . . . , vn}
;
V
?KD��i=&�iT|?m@CQE@CN!<>=-?KDiH[?gfCQR=&G>f�Jb?

dT ?KD�H[G8@CZ4QR?g�i=-�iT {T (vk+1), . . . , T (vn)}
=�J�~1=�J|@CG

?KJXD�QE@CNpU�H[?}Di= d QjDiUX@Cc {T (vk+1), . . . , T (vn)}
<rNpH�Br@h�bT|G

•
d <>H4?KD�=-U�N�G9=-? ¤ @CU�=&W�Np@CH T (v)

H[UX@CWXH[ZqU�T(=&N
d v ∈ V

NpH[=
v = a1v1 + . . . + akvk + ak+1vk+1 + . . . + anvn

T (v) = a1T (v1) + . . . + akT (vk)

+ ak+1T (vk+1) + . . . + anT (vn)

d �ic�N�Np@CH!<rH[?KD�H[G8@CZ4QEH!f�Jb?A@ T
?KD7fC=-S�U�s*T�<>H

{v1, . . . , vk}U�NuDiGrf�Jb?
T (v) = ak+1T (vk+1) + . . . + anT (vn)

d QjDiUX@Cc {T (vk+1), . . . , T (vn)}
H[Wb@CT(B>Hu@

QE@C?AQ l =&N!B�@h�XT|G •~1=&G9G
ck+1T (vk+1) + . . . + cnT (vn) = 0

T (ck+1vk+1 + . . . + cnvn) = 0

T(@CQjJb?�fCQR=&G8@
T
?KD�fC=-S�U�s*TPN�WXZuG

ck+1vk+1 + . . . + cnvn
f�Jb?

fC=&S�U�s*H�=&U�T|=-Nq?KD�=-U�N�G9=-? ¤ @CU�=&W�J�@CQE@CN
a1v1 + . . . + akvk = ck+1vk+1 + . . . + cnvn

a1v1 + . . . + akvk − ck+1vk+1 − . . . − cnvn = 0

<>=-Zu�XBrZ4H}?oJ/f�JV?oS�@
V
?KD��i=&�iT(H}=&U�T(=&N�?oD�=&U�NpGI=-? ¤ @CU�=-WV@CH[M

d ?�F�QET}H[Wb@CT|BrH	f�Jb?A@��ic�Np?m<r=-@h@�D

] ³b#&À8'*6�³b#-´X#&´b)+3�"['8#-0+31,�'8`�´XÀ*,�2[5�"$'8�Æ0+#&#-3�"$'*0+#-,�243}Ç&#-)},�6�:�.
<>=-�i=&�iT

B, B′ l @|QR=&U�NpG9=&?�H[=&WXUX@Cc��iG9U�Y T : U → V
=&H4Q�\^]-_8\ 24`X6a3

B l ZqU�T(S�ZuH�QEWX=&U�YRZqNp=&H P
U�DiN�J

[T ]B′ = P−1 [T ]B P
=-MIN dV l T
dB′ l ?

O f�J�?oS dP [v]B′ = [v]B
QRZ4=-=&B�O =&M9N d v ∈ V

=&H[= y .1z${�'t.
P−1 [T ]B P [V ]B′ = P−1 [T ]B [b]B = P−1 [T (v)]B′

P−1 [T ]B P [v]B′ =
O f�J¸?oS d [T ]B′ [v]B′ = [T (v)]B′

?oT|N
d [T ]B′ [v]B′@CGI? Di= O

Kn ?oS Np=-H
v 7→ [v]B′

H[BrQRS�H[H4@ÈU�~1NpZ
O f�JÈ?oSÉO

x ∈ Kn ?KJb?
P−1 [T ]B′ P [v]B′ = [T ]B′ [v]B′dP−1 [T ]B P = [T ]B′

n



.10(#I,�243©5�6Ê24À8À8#&31,�24�(.Ë´X'8À8#-3|5¸.+'8'*6Ì.10+#I,A2u3®5X6Ê24À8À8#&31,�24�
] "$'*,�'*6¥"[`�5�z$'83

QR?oT|BrQRZ4D
H[WX=-U�YRZ4H
B
=&H4QE@

n × n
H[WX=-U�YRZ

A
NpH[Q¡\^]-_Í_ 2u`�6�3

d |B| = − |A|
M9N

i, j
QE@CUX@�D�QRc�?o~1H�=-�X=p?oS

A l Z

dA =

(
a b

c d

)

, b =

(
c d

a b

) ;
n = 2

UX@CT|S y .1z${�'t.

|A| = ad − bc

|B| = cb − da

|B| = − |A|

~+=&J|@CG d (n − 1) × (n − 1)
?A�b@CstZ�H[WX=&U�YRZ�?KJb?}fh@�JbGiYRc�DiZ4H�=�J�~1=&G9G

dn × n
?A�b@Cs*T�H4WX=&U�YRZ4?�YRc�DiZ4H	QRN

d i 6= j
O
1 ≤ i, j ≤ n l @ n × n

H[WX=&U�YRZ
A
NpH[Q

|A| = a11A11 + a21A21 + . . . + an1An1

|B| = b11B11 + b21B21 + . . . + bn1An1

d bk1 = ak1
=&M9N d bk1Bk1

?oSgYR=-T|G dk 6= i, j
S�T(B>G

Nk1
U�DiNuJ±O

Bk1 = (−1)1+k |Nk1|
O
Ak1 = (−1)1+k |Mk1|dMk1 l TLQE@CUX@�D��bZ4W�QRc�?o~1H[ZqQR?oT(B>QEZ

O H4=&WXB�@h�XG9=&NpH�QR~1G9H�=&c�?�O f�Jb?A@
(n − 1) × (n − 1)

U��b�iZ7fCH
M, N

d bk1Bk1 = −ak1Ak1
f�Jb?A@pO

|Mk1| = − |Nk1|

d bi1 = aj1
=&M9N d bk1Bk1 = bi1Bi1

; T�fCG8@CT|QEG dk = i, j
=&J�S�T|BrG>O H[QRS

|Ni1| = (−1)j+i−1 |Mj1|

Bi1 = (−1)o+1 |Ni1| = (−1)j |Mj1| = −Aji

dk = j
UX@CT|SV<rsr<>=-~+=&J|@CZ�H[Zu@h�LfCcX@CNpT d bi1Bi1 = −ai1Ai1

O f�Jb?A@

|B| = b11B11 + b21B21 + . . . + bn1An1 =

= − a11A11 − a21A21 − . . . − an1An1 = − |A|

.(5�`�{�3�5�6�24À8À8#&31,�24�

|AB| = |A| · |B|
\^]-_*  2u`�6�3

; QE@�Jb=&c�H	Np?�Q>@CWX=&U�YRZ�UX@CT|SVH[?A=&~1Q�~1=�J|@CG y .1z${�'t.
@CZ[J d |A| |B| = 0

=&M9N7H$Jb=&c�H�Np?
B
@CN

A
QE@CWX=&U�YRZ4H4Z�QR~1N7<rN

QR~1N�<rN�O =&M9N d |AB| = 0
f�Jb?A@�O H$Jb=&c�H!H[G9=&N�QE@CWX=-U�YRZ4H!QR?oc�JbZ�O f�J
d |AB| = |A| |B|

O H[Jb=&c�H	H[G9=&NqQE@CWX=-U�YRZ4H[Z

; D��AJ�Q>@C=&U�YRG9Z4?oNPQE@CWX=&U�YRZ�QE@CZu=&=&B�QE@�Jb=&c�H	QE@CWX=&U�YRZ�UX@CT|S
A = E1E2 . . . Ek

B = E′
1E

′
2 . . . E′

m

AB = E1 . . . EkE′
1 . . . E′

m

|A| = |E1E2 . . . Ek| = |E1| |E2 . . . Ek|

= |E1| |E2| . . . |Ek|

|B| = |E′
1| |E

′
2| . . . |E

′
m|

l U�YRGIZu?oN�H[WX=-U�YRZ�?KDqH[?Ac�JbZL?KDqH[YRGIG9=-Z4U�YE��Dq<�@�D�Z�U�Dic�NpQRZLQRNpMO f�Jb?A@u<>=&YRG9GI=-Z4U�YE�XH�QR?oc�JbZ4?gHu@h@�D�H[WX=-U�YRZu@[QE=
|AB| = |E1| |E2| . . . |Ek| |E

′
1| |E

′
2| . . . |E

′
m| = |A| |B|

"$'8{�#&`b.

|A| 6= 0 ⇐⇒
H$Jb=&c�H	QR=&S�@CT|=-U

A
\^]-_*§ 2u`�6�3

l UX@�D�H[?A@ M QRstU�@h�bZ�H[WX=&U�YRZ	QRZ4=-=&B�=&M9NwO H$Jb=-c�H	Np?
A
<rN y .1z${�'t.

l ?oN E1, . . . , Ek l @�QE@C=&H dA = E1E2 . . . EkM
; QEZ4=&=-B>ZuH	<>=-�ic�NPQE@

QE@CUX@�DªDi=
M l ? d |A| = |E1| |E2| . . . |Ek| |M |

; <r=&=-B>QEZ¥O Q>@C=&U�YRG9Z
H[?A@�J�<r=�YRG9G9=&ZuU�YE�XHgQR?oc�JbZu@(�ic�NLNp@CH�H[?KDwYRGIG9=-Z4U�YE�XHVf�Jb?A@|<>=-�ic�N

d �ic�NPN�=-H
fCQR=&G8@�H4�X=-~1=&H�H[QEWX=&U�YRZ4?PQE@CUX@�DÎQR?A@CB>DÎN�=-H�=&M9N¡O H[Jb=&c�H

A
~1=-GIG

H[WX=&U�YRZ/?oD�YRGIG9=-Z4U�YE�XH d |A| = |E1| |E2| . . . |Ek| |I | l J�H[QE@CN�<�@�DiU�?H[G8@�D�H[?A@�JLH[?oc�JbZuH	f�J�?oS�@4�ic�Nw@CG9=&NwH4�X=&~1=pQRWX=-U�YRZ�@CNqQE=&U�YRG9Z4?oN
d �ic�NpZ

#&´b¦+5(:�.}�|'83+0$.

A ( ¼AÏKÐ A) = |A| I
\^]-_8¨ 2u`�6�3

y .1z${�'t.

(A( ¼AÏ^Ð A))ij =

n∑

k=1

aik ( ¼AÏ^Ð A)kj

=
n∑

k=1

aikAjk

{

0 i 6= j

|A| i = j

³b#&#-3+0+%�³b#I,�'92j:�'
<>H�<r=&G8@�D7<r=&=-Z4WXS}<r=�JbU�S�?L<>=&Jb=&=�D�D
<>=-=&Z4WXS�<>=-U�@�YRB�@¶\K]&_*¯ 24`X6a3

d ?�F�QET
l D��oJ A

?KD�<>=-=&Z4WXS�<>=-UX@�YRBr@�?KD�H[Wb@CT(B
{v1, . . . , vk}

<rN�O U�Z�@C?KJ
d ?�F�QET}H[Wb@CT|BrH�MIN�O <>=-U�~1NpH[Z	H[G8@�D λi

?KJ|@
Avi = λivi

Ñ



dk ?oS/H[=&WXB�@h�XG9=&NpTL~1=�J|@CG y .1z${�'t.
d ?�F�QET {v1} l @ v1 6= 0

f�Jb?A@pO
Av1 = λ1v1 d =&ZuWXSVUX@�YRBr@ v1

O
k = 1

d ?�F&QRT {v1, . . . , vk−1}
=�J�~1=-GIG

c1Av1 + c2Av2 + . . . + ckAvk = 0

(1) c1λ1v1 + c2λ2v2 + . . . + ckλkvk = 0

(2) c1λkv1 + c2λkv2 + . . . + ckλkvk = 0

; ?oT(B>G8@
(1) l Z (2)

QENwU�=&�i~1G
c1(λ1 − λk) + . . . ck−1(λk−1 − λk)vk−1 = 0

?KJ�O f�JL@CZ4J d ?�F&QRT v1, . . . , vk
<r=&UX@�YRB�@CH$D�S�@h�X=�O H4=&WXB�@h�XG9=&NpH	QR~1GIH4Z

d �ic�Np?�<r=-@h@�D ci l H�?KJ�f�Jb?�@�<r=&G8@�D (λ1 − λk), . . . , (λk−1 − λk) l Hf�Jq?KJ|@��ic�N�<rH�<r=&Zu�bB>ZuH!?oJq=�J�H[NpU�G9@�QE=&UX@CB>ZuH�H[Nj@h@�DiZ4T!T|=-WXG
d ?�F&QRT {v1, . . . vk}

T|~1U�Z4?��i=&�iT
Bi l @|<r=&G8@�Dq<r=&=-Z4WXS�<>=&JbU�S λ1, . . . , λk

<>N�\K]&_t° 24`X6a3
?�F�QET

B =
⋃k

i=1 Bi
=&M9N

λi
?KD�=-Z4WXS�H

; fCZ4�iG y .1z${�'t.

B1 =
{

v
(1)
i , i = 1, . . .

}

���
Bk =

{

v
(k)
i , i = 1 . . .

}

; �ic�Np?mH4@h@�D�D
B
=-U�T(Nq?KD�=&U�NpG9=&? ¤ @CU�=&W/Di=�D�~1=-GIG

k∑

j=1

k∑

i=1

a(j)v
(j)
i = 0

�ic�N�<>H�<>=-Zu�XBrZ4H�?KJ d∀i : ai = 0⇐
∑

a
(j)
i v

(j)
i

f�Jb?A@|�i=&�iT
Bj
?oT|N

d ?�F&QRT B
f�Jb?A@

Ç�'92[5�#&3$.}#&5�#-#8:g24`X6a3

A
?KD�=-G9=&=&cX@CNpHq<�@CG9=&?A@Cc�H

f(λ) l @ n × n
H[WX=-U�YRZ

A
<rN�\^]-_8µ 2u`�6�3
d f(A) = 0

M9N

f(λ) = |λI − A|
; Nj@CH	=&G9=&=-cX@CN�H�<�@CGI=-?A@Cc�H y .1z${�'t.

(λI − A) ¼�Ï^Ð (λI − A) = f(λ)I

d <>=-Zu@CG9=&?�@Cc/?KD�QE@CWX=&U�YRZq@C?oNP?KJ
dB(λ) = ¼AÏ^Ð (λI − A)

fCZu�iG

; =&G9=&WXU�YRZ�<r@CG9=-?A@Cc�J
B(λ)

QRNwT+@CQjJb?g?KJ|@CG
B(λ) = B0 + B1λ + B2λ

2 + . . . + Bn−1λ
n−1

f�JÒ?oS�@­O
± |Mj,i|(n−1)×(n−1)

H[UX@CWXH[Z�<>H
B(λ) l TÓ<>=-U�T|=&NpH £

d ¢�U�QE@C=-H�?oJb? n − 1
H4s*UX�XZ�<r@CG9=-?A@Cc�H

(λI − A)(B0 + B1λ + . . . + Bn−1λ
n−1) = f(λ)I

; D�~1=-GIG
f(λ) = a0 + a1λ + . . . + an−1λ

n−1 + λn

; fh@C=I@h@�DiH�?KD�fC=-Z4= ¤ s*NpT}O f�Jb?
a0I + a1λI + a2λ

2I + . . . + an−1λ
n−1I + λnI

; ?oNpZ4D ¤ s*NpT
−AB0 + (B0 − AB1)λ + (B1 − AB2)λ

2 + . . . + Bn−1λ
n

; <r=&Zu�bB>Z	H4@h@�DiG
−AB0 = a0I ⇒ −AB = a0I

B0 − AB1 = a1I ⇒ AB0 − A2B1 = a1A

B1 − AB2 = a2I ⇒ A2B1 − A3B2 = a2A
2

���
Bn−1 = I ⇒ AnBn−1 = An

; ?oT|BrG8@[QE@CNj@h@�DiZ4HPQRNwU�T(~+G
0 = a0I + a1A + a2A

2 + . . . + An = f(A)

"['*,�%+.

d f�J|@CQRH	QE@CG8@�JbG9?gT|U�SV=-GIG9=-N
d Ô»Õ�½bÖÍ½+×aØ»Ù � ØÚÖÜÛÞÝb½bß�ÕA½ � ¼�Û � ßáàCl ?¶=&?�@C~1?o=&D�H[D�BrT|T�O <r=&G8@CBr=&Q	<>Jb?�D�=4<>N
l T NpWXZ4Q O H4=&H[QE@ H4�X=&ZuT O QRGIJ|�b@CS�Z Np�iU�s

âiâiâ � Ø»ÖãÛÞÝb½bß�ÕA½ � ¼AÛ � ß�àhä ∼ Ô»Õ�½bÖÍ½

x


