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At NPqrQE 1325J A�n ;>ij4 O 4[7
=	4aL!HKi O J<= A N T Qs O J<=�S�imJMitJM2X2k7vuwJ<xRJMxRBzy{V5JMB T (x) = Ax
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u8JMJ<6 N S QE
0 Y 251WJ O uw2kHKx�7RBz? JMS c ;pu8JMJ<6 N = QE 4aL!HK4�J<4 A!n JMJ<; 1
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0, 1, . . . , n − 1
uw=�=	J A B O 7�=	gK25BD69J q>O ? J<;f2k7 O A n

u Os V5=�=	JM4aCZ132 A S c 25ij=
a ⊗ b = (ab)( mod n)

s 4aL!H •

a ⊕ b = (a + b)( mod n)
s A 25B\J<T •

E =mS�7 O 25=
(−a) = n − 1

s
zn
13T�1�J�S c ;>= A B\J O =�E G

a−1 = (n+1)k
a

s J<HKL�25=m= A B\J O =�E y

i
2 = (−1) �p�_�w�j� �j  �D�M¡

z = a + bi = r(cos θ + i sin θ) = r ¢ �5£ θ E GE ¤R¥
z = a, ¦f§ z = b

E y
r2 = a2 + b2, tan θ = b

a

E ¨
z̄ = a − bi = r ¢ �5£ (−θ)

E ©
E
z1z2 = z̄1z̄2

?
z1 + z2 = z̄1 + z̄2

?
z − z̄ = 2 ¦f§ z

?
z + z̄ = 2

¤R¥
z
E ª

|z1z2| = |z1| |z2|
E |z|2 = r2 = zz̄

E «
z1 · z2 = (a1 + ib1)(a2 + ib2) = r1 · r2 ¢ �5£ (θ1 + θ2)

E ¬
z1

z2

= z1z̄2

z2z̄2

= r1

r2

¢ �5£ (θ1 − θ2)
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zn = rn ¢ �k£ (nθ)
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√
r ¢ �k£ θ+2πk
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Pn(x) = anxn + an−1x

n−1 + . . . + a1x + a0 =

n
∑

i=0

aix
i

uwS�6wim=
an
E N deg Pn(x) = n

V5i�25xRi Q n =	4aC!imi¹uw25;>JM4+25L O 25=E 4aJMB\25ij=
E
Fn[x] Y B�V5i�25xRi n

4[7
= c A S�B F
=mS�7
4aC�ijituw25;>JM4+25L�=o·!xº2 O E ¨E ©

deg [Pn(x) + Qm(x)] ≤ max [deg Pn(x), Qm(x0]

deg [Pn(x) · Qm(x)] = deg Pn(x) + deg Qn(x)

uw25;>J<4�25L�4[7»S�J<TUJ c 2 q uwJ<JM6 Dm(x), Pn(x)
u�25;>J<4+25L¼J<;�7½4[HK4lE ªs uwJ<JM68im7

R(x), Q(x)

Pn(x) = Dm(x) · Q(x) + R(x)

deg R(x) < deg Dm(x)

O 25= R Y 2 D Y B P
u�25;>J<4+25L�=½1W6w254+T�i�=	;>ij= O 25= Q A 7 O H1WJ A O 7R=¾ A C!4¿=j2X2k7 (x− a) Y B P
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(x − a) Y Bz6w4aTU1Wi P
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Pn(x) = (x − b1)(x − b2) . . . (x − bn)

4[7Á= q 4Â=m= q =½uw1WJ A 2 c 4 O C�g�B\4Â7RJt? uwJ<i�25;>J<4+25L�6w4aTU4Âi�:�CFE ­E 1WJ A O 7
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xi = − an−1
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n
∏
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xi = (−1)n a0
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s 1825g�J A!n i@4aL!H9E G

A = BC ⇒ aij =

n
∑

k=1

bikckj

(AB)t = BtAt E y
E
A = −At s 1WJ A!n ijJ<xÂJ n ; O ?At = A Y 13J A!n imJMxÂ=	g�J A�n i�E ¨

� � � � � È\�_�
i, j
132 A 2k7�1WL�4aTU= Y Rij •

k Y B i
= A 2k7
=	4aL!HK= Y Ri(k) •

E
i Y i j

u8JMimC!L
k
4[7 A 25xRJ<T Y Rij(k) •

V5=	J<4+CÂ=	4aC!L�25=I7É=mS�JMTUJZ1325g�J A!n i�V5=�1325J A!n ;>im4 O 1325g�J A!n i�E GE 1WJ A!n ;>im4 O =	4+25C!L
=	1W4aL!HK=	4|=	4+256879=	g�J A!n io4+C|1WJ A�n ;>ij4 O =	4�25C�L¸1W4aTU= NPORQ=	imJ O 1Wim=�1WJ A�n ;>ij4 O =o=mg�J A!n imB

E 1WJM;f25;�6�=mg�J A!n im4 N 132XSK25ijC Q 132 A 2k7RB�=	4+25687v=mg�J A!n it4[H9E y
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E =mS�JMT�J
A
4a7v1WJ<HKL�25=m=�E G

(At)−1 = (A−1)t E y
(AB)

−1
= A−1B−1 ?�=	HKJ<L�= AB⇐ 182kHKJ<L�=

A, B
E ¨

AB = CA = I ⇒ B = C = A−1 E ©
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E
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s 7 ¾ H
P
1WijJ<JM6�1 O u�25ij2XS�V5= A, B ∈ F n×n E G

s VX25J<i�S¸1WTU1¹182 A 25im7�E y
E = n ;>;>J<i A�n S NPORQE =	BD6wC N B QE J<;>J<JML�2 O uw25;>J<4�25L NPcdQE uwJ<JMimg�CZuwJ�H A C N S Q
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



a11 + a12 + . . . + a1n = b1ÑÑÑ ÑÑÑ
am1 + am2 + . . . + amn = bn

E u8JMim4aC!;
m Y 2	132 O 2X2k7Ri n
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s 1WBDT A 25i@=	g�J A�n ijB�132 O 2X2k7�i¼1pH A C�ituwJ<J<7R;Wu O






a11 a12 . . . a1n b1ÑÑÑ ÑÑÑ ÑÑÑ ÑÑÑ ÑÑÑ
am1 am2 . . . amn bn




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V
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au = ua
?
u + v = v + u N B Q

(ab)u = a(bu)
?
(u + w) + v = u + (w + v) NPcdQ

(a + b)u = au + bu
?
a(v + u) = av + au N S Q=mS�JMTUJ<= A BDJ O B¸4aL!HK4�132k7RJMS OÜN = QE JMS c ;>= A 2 n 6�25=m2�xRL O = A 2 n 6w2ju�25J<6 N 2 Q

s u8JMJ<6w1Wi ∀α ∈ F, v ∈ V A 25BDCFE y
α0 = 0

?
0 ∈ V A 25BDC NPORQ

0v = 0
?
0 ∈ F A 25BDC N B QE

v = 0
2 O α = 0

2 O J q>O αv = 0
u O»NPcdQ
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4+2kH O 4[7 a1, . . . , an

u8JMimJ<JM6~u O 1WJ A O ;>J<4}u8JMJM254a1�u8J A 2 n 6w2�E Gs 7 ¾ H¸xRL O
a1v1 + a2v2 + . . . + anvn = 0

u8JMimJMJ<6�u O u1, . . . , un
u8J A 2 n 6�25B
1WJ A O ;>J<4lJM254+1 v A 2 n 6�2°E y

a1u1 + . . . + anun = v
s 7 ¾ H

a1, . . . , anE 4�:<1WB%=	4a79=	gK25B\6�1W1�4[H¸J q>O 4�:<1WB%uwJ A 2 n 6w2j1WgK25B\6�u O E ¨
u O W

i�:<1�1 O 1p7 A 25L u1 . . . un
uwJ A 2 n 6w2{1WgK25BD687 A i O ;|E ©s 7 ¾ H

a1, . . . , an
uwJ<ijJ<JM6

w ∈ W
4[H A 25BDC

a1u1 + . . . + anun = w

25;>J O 132 A 2k7R=�BDT A iáE 4�:�13B�V5=�132 A 2k7R=�? 1 c A 2XS�i�=	g�J A�n ijB9E ªE 182 A 2k7 c 2 A JMSKB¸=m;�1W7�i
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N y Q 4�:<1WB S N G Q u O W
i�:<1t4[7¹xRJMxRB O J<= S

u8J A 2 n 6�2\1WgK25BD6�E G
V =

£Ëâ ^+` S
u8J A 2 n 6w25=�1WgK25B\6w2 V

1 O uwJ�7 A 25L v1, . . . vn
uwJ A 2 n 6�25=lu O E yE

m ≤ n q>O 4�:<1WB w1, . . . , wmS�imJMi O 25=¹? uwJ A 2 n 6�2 A L�xRi¼25182 O 7RJ3i�:<1F4[7�uwJ<xRJMxRBD= ¾ HKB
E ¨E B\T A ij=o131
1W;>1WJ<; O J<=I7F2 O xRJ<xRBZ2 OoO JM= V Y B�4!:�1WB|u8J A 2 n 6�2�1WgK25BD6¼4[H9E ©E xRJMxRBD4�=	im4a7�=m4

dim V = n
TUJ<;>;8? J�S�imJMio·�25x

V
u O E ª

=	gK25BD6v4[HKB\2�uwJ A 2 n 6�2 n
1325TUL!4|7RJ31p7 A 25L%=	gK25BD694[HKB NPORQE u8J A 2 n 6�2 n A 1325J<=�4[HK4�7RJ�4�:<1WB1WJM4aimJMxR68i�4�:<1WB O J<= ⇐⇒ xRJMxRB O J<=�=	gK25B\6 N B QE 1WJM4aimJM;>J<i�1p7 A 25L O J<= ⇐⇒ xRJMxRB O J<=�=	gK25B\6 NPcdQ
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E B\T A i O 25=tuwJ<BDT A io1W1�4[7vu�2kHKxãE G

dim(U + W ) = dim U + dim W − dim(U ∩ W )
E y

4[H�u O u8JMBDT A ilJ<1W1�JM;M7�4[7 A 7RJºu�2kHKx O 25=�J A 2 n 6�28BDT A i�E ¨4[HKi A 2 n 6w2�4[7
u�2kHKxvJ>:�CZ=jS�J<TUJp= A 25g�B c JMg�=	4�V51WJ<;825B A 2 n 6�2BDT A io131
U, W

u8JMBDT A i�J<1W1�JM;M794[7 A 7RJpu�2kHKx O 25= V
J A 2 n 6�2mB\T A i�E ©

V = U + W , U ∩ W = {0} ⇐⇒

W1, W2
4[7FuwJ<xRJMxRB

S1, S2
?
V
4a7luwJ<B\T A iz1W1 W1, W2

u O E ª=	i O 1W=mB
E
V
4[79xRJ<xRB

S1 ∪ S2
J q�O V = W1 ⊕ W2

u O�NPORQ
V = W1 ⊕

J q>O V
4[7FxRJMxRB

S1 ∪S2 Y 2I4�:<1WB S1, S2
u O�N B QE
W2

E
dim V = dim U + dim W

J q>O V = W ⊕ W
u O E «

E
V Y B�u8JM4[7RiouwJ<JM6 V

BDT A io4a7 W
BDT A io131¹4aHK4lE ¬

� � Í Þr� �W� �dÓ�� Ù�� � Í°Ù � ÛD��Û
4[Ho?

F
=mS�7�4aC!i

V
J A 2 n 6w2�B\T A ijB�xRJ<xRB e = {e1, . . . , en}

=	JM=	JS�JMTUJ�V5L�2 O B%u�2k7 A 4ZV51WJM; v ∈ V A 2 n 6�2
v = α1e1 + α2e2 + . . . + αnvn

Y ij2�? e xRJ<xRB\B v
4[79132 n ;>JMS A 2 O 2568= A 2 n 6�2m=	;f2kHKi











α1

α2ÑÑÑ
αn











A 2 n 6�25=
E
[v]e Y B�V5ij25x

(αu)e =
?
(u+v)e = ue+ve

J q>O V Y B�xRJMxRB e Y 2 u, v ∈ V
u O E GE
αue

v1, v2, . . . , vn
E
W Y 4 V Y i�u q J<L A 25ij2 q J O ϕ

=	6w1WC!=»=	J<=	1�E y
Y A O ;>JM4´=mJM254a1 ϕ(v1), ϕ(v2), . . . , ϕ(vn) ⇐⇒ 13J A O ;�JM4/=	JM254a1E 1WJ

dim V = dim W
J q>O uwJ<J A L�25i�2 q J O V, W

u8JMBDT A iou O E ¨E
F n Y 4�J A L�25ij2 q J O JMS�ijJ<i n

J A 2 n 6w2jBDT A i�4[H9E ©
s uwJ<JM681Wi@?

V
4[7vuwJ<xRJMxRB

f, e
25J<=	J�E ª

f1 = a11e1 + a12e2 + . . . + a1nen

f2 = a21e1 + a22e2 + . . . + a2nenÑÑÑ ÑÑÑ
fn = an1e1 + an2e2 + . . . + annen

=	;f2kHKi
P f

e =











a11 a21 . . . an1

a12 a22 . . . an2ÑÑÑ ÑÑÑ ÑÑÑ
a1n a2n . . . ann











=	g�J A!n i@1WimJMJ<6FJ q>O
v ∈ 4[H A 25B\CZuwJ<J<6w1Wi�2 f xRJ<xRBD4 e

xRJ<xRBDi A BDC!im=�1Wg�J A!n i�:E
P f

e [v]f = [v]e
s
V

&�'+(+Å/Ï�²�(³*ä&�'+(+Ä�±|Å,'�µæåæ²�ÅºÆ ç
E
f(x1) = f(x2) ⇒ x1 = x2

u O 1WJ<H A C%S�TtS�T f : X → Y
E G

¦f§ f = Y Y 4+CZ1W6w1WC�=?
f(v1 + v2) = f(v1) + f(v2)

1WijJ<JM68i�13J A O ;�JM4@=	6w1WC!=�E y
f(αv1) = αf(v1)E

V Y B�xRJ<xRB e = {v1, . . . , vn}
E uwJ A 2 n 6�2%uwJ<BDT A i V, I

E ¨
Y TUJº1WJ A O ;>J<4%=	6w1WC!=F1WijJ<J<6~J q>O EU Y B@uwJ A 2 n 6�2 u1, . . . , unE

T (vi) = ui, i = 1, . . . , n Y 7 ¾ H T
=mS�J

JMS�J�4aCè7 A L�; ¦f§ T
J q�O V Y BéxRJMxRB {v1, . . . , vn}

u O E ©E{T (v1), . . . , T (vn)}
v1, . . . , vn

J q>O 4�:�13B T (v1), . . . , T (vn)
4[HK4 ⇐⇒ C�:<T�T

T
E ªE 4!:�1WB

E
kerT = {0} u O¹Y 13J A 4+2 c ;>J<x O 4¿=m681WC!=�E «

Úº�ê� Í � Î �Ëë �m� ìD�_�
E
kerT = {v ∈ V : T (v) = 0} E GE

V Y B%i�:<1 kerT N y Q U Y B¸i�:�1 ¦f§ T N G Q J q�O ? T : V → U
E y

E
dim V = dim kerT + dim ¦f§ T

E ¨
E ]_^a`Db T = ]_^a`Kb ¦f§ T

E ©
E
kerT = {0} u O 13J A 4+2 c ;>J<x O 4¿=m681WC!=�E ª

g(f(x)) =
s 7 ¾ H

g : Y → X
1WijJ<JM6¹u O =IHKJML�= f : X → Y

E «E
I, f(g(y)) = I

í
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